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Abstract. Hyperbolic geometry has shown to be highly effective for em-
bedding hierarchical data structures. As such, machine learning in hyper-
bolic space is rapidly gaining traction across a wide range of disciplines,
from recommender systems and graph networks to biological systems and
computer vision. The performance of hyperbolic learning commonly de-
pends on the hierarchical information used as input or supervision. Given
that knowledge graphs and ontologies are common sources of such hierar-
chies, this paper aims to guide ontology designers in designing hierarchies
for use in these learning algorithms. Using widely employed measures of
embedding quality with extensive experiments, we find that hierarchies
are best suited for hyperbolic embeddings when they are wide, and single
inheritance, independent of the hierarchy size and imbalance.
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1 Introduction

Knowledge graphs and ontologies provide a rich source of hierarchical informa-
tion, such as the classification of creative works in Schema.org E| or the organi-
zation of professions in Wikidata El This hierarchical structure is well-suited for
machine learning, particularly in hyperbolic learning, which utilizes hyperbolic
geometry to embed tree-like structures into low-dimensional spaces [45]. Such
embeddings have been shown to enhance performance in tasks like image and
video classification [293637], audio understanding [24/52], and recommender
systems [34J62164]. Throughout the literature [45/49], hyperbolic representation
learning approaches typically assume that hierarchies are provided as is. How-
ever, ontology engineers consider multiple factors when designing ontologies be-
yond representing the domain (e.g. reusing existing ontologies, use concepts for
interoperability, end user tasks). This work seeks to offer insights for ontology en-
gineers in crafting hierarchies optimized for hyperbolic hierarchical embeddings.
Unlike previous studies, which focus on improving hyperbolic embeddings for a
given hierarchy, we address the reverse question: how can hierarchies be designed
to enhance their suitability for embedding in hyperbolic space? Specifically, we
conduct controlled experiments to examine how different tree structures affect
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the quality of embeddings produced by two primary classes of hyperbolic embed-
ding algorithms: gradient-based and construction-based methods. Embedding
quality is evaluated using distortion metrics [55], which quantify the discrepancy
between distances in the embedding space (calculated via a continuous distance
function) and the original graph distances (defined by the edge count between
nodes). Our objective is to uncover the key axes of hierarchy design that influ-
ence the effectiveness of hyperbolic embeddings. Our results demonstrate that
hierarchies optimized for width, rather than height, are best suited for hyperbolic
embeddings. Hierarchy imbalance and size are shown to have minimal impact,
while multiple inheritance should be avoided. We validate these findings us-
ing a real-world scenario, where alternative semantic organizations significantly
reduce distortion. These results complement existing approaches to ontology de-
sign and evaluation by providing actionable insights for ontology engineers to
enhance downstream embedding quality. We hope these recommendations assist
ontology designers when downstream hyperbolic embedding performance is a
priority. In summary, the contributions of this paper are as follows:

In-depth empirical study: We perform in-depth analyses across four hy-
perbolic embedding algorithms to examine the impact of hierarchy structure
on embedding quality.

Practical recommendations: Our experiments lead to four recommenda-
tions for ontology engineers on structuring hierarchical portions of ontologies.
Real-world case study: We validate our recommendations on real-world
use cases, highlighting the inherent trade-off between ontological design goals
and downstream utility in continuous hyperbolic spaces.

Our recommendations apply to various real-world scenarios requiring hier-
archical data in continuous spaces, such as: recommender systems (e.g. prod-
uct/content hierarchies), drug discovery (e.g., gene Ontology, SNOMED CT),
and biological analysis (e.g. protein families). Code is openly available here ﬂ

2 Related Work
2.1 Hierarchy and ontology design

Hierarchies, particularly taxonomic backbones, whether formal or informal, play
a critical role in ontology and knowledge graph design [22/28/44]. They organize
complex domains [57] into manageable components and enable various forms
of reasoning, such as subsumption. Changes in hierarchy structure can have a
significant downstream impact on applications [51]. Therefore, ontology design
methodologies provide guidance on crafting hierarchies to reflect domain con-
straints and ensure proper reasoning outcomes [28/53].

Works focused on the evaluation of ontologies also consider hierarchy [20/43].
These studies assess aspects such as whether a hierarchy correctly partitions
instances, whether there are cycles of specialization and generalization, and
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whether instance assertions are semantically accurate [20]. Other evaluation ap-
proaches adopt principled criteria and metrics based on formal notions (e.g.
unity) [3UI7/I8]. Examples of criteria include the complexity of the hierarchy
(e.g. number of classes, depth, number of top level classes) as well as conciseness
(e.g. cycles, and classes without instances) [50]

In ontology induction and knowledge graph construction, the creation of
high-quality hierarchies is a critical consideration [69/63]. Evaluation typically
involves expert review, comparison with gold-standard ontologies, or the appli-
cation of aforementioned established evaluation criteria. Our work complements
these existing recommendations, metrics, and evaluation approaches [43] by pro-
viding ontology engineers with guidance on designing hierarchical structures to
enable machine learning tasks.

2.2 Learning over knowledge graphs using hierarchies

A significant body of work leverages hierarchical information within knowledge
graphs to enhance machine learning tasks [27]. These tasks include link predic-
tion [670], question answering [I1], and query answering using embedding spaces
[25]. Additionally, research has focused on creating embeddings for knowledge
graphs with complex semantics [5]. Our work differs by providing guidance to
ontology engineers on designing hierarchies, rather than focusing on embedding
design for existing knowledge graphs.

2.3 Hyperbolic representation learning

We focus on hyperbolic embeddings, because they demonstrate superior per-
formance in representing hierarchical data structures compared to Euclidean
methods. In early work, Sarkar [56] introduced Delaunay tree embeddings in
hyperbolic space, demonstrating the potential of hyperbolic geometry to achieve
tree embeddings with arbitrarily low distortion. However, Sarkar’s construction-
based algorithm is limited to 2D embeddings, reducing its expressiveness and
applicability in deep learning contexts. To address this limitation, Nickel and
Kiela [46] proposed a contrastive approach that supports embedding optimiza-
tion in any dimensionality, significantly outperforming Euclidean embeddings on
trees. This line of work has been extended through entailment cones to induce
partial hierarchical order [I14J66], adapted to the Lorentz model of hyperbolic
space [32/47], and improved by incorporating distortion [67] or separation [38]
objectives during optimization. Subsequently, Sala et al. [55] expanded Sarkar’s
construction-based approach to higher-dimensional embeddings. Overall, these
algorithms, whether optimized via gradient descent or constructed explicitly,
consistently outperform Euclidean embeddings. This superiority stems from the
insight that "hyperbolic space can be thought of as a continuous analogue to
discrete trees" [47], owing to their shared nature of exponential growth.

In light of the strong performance of hyperbolic representation learning, nu-
merous studies have integrated hyperbolic embeddings into neural networks, en-
abling deep learning to incorporate hierarchical knowledge. Hyperbolic learning
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have been shown to improve recognition across various domains, including im-
age and video classi cation [29,3%6,37], word embeddings [1L0/33], recommender
systems [[34,62,64], audio understanding_[24,52], single-cell analysis in biology
[31], networks and graphs[[600,65,71], and image-text settings1[8,26)30/48]. Be-
yond classi cation, hyperbolic representations facilitate hierarchical recognition
[9/1€], learning from limited samples[[1%,218,41,68], interpretability [[1B], robust-
ness [35,58], and other tasks. For a comprehensive overview of advances in hy-
perbolic learning, we refer to recent surveys [45,49]. A common assumption in
the literature is that hierarchical information is known and xed a priori. In
this work, we ip the perspective to investigate how di erent hierarchical de-
signs a ect hyperbolic embeddings, aiming to potentially enhance integration of
hierarchical ontologies in hyperbolic deep learning.

3 Hyperbolic embedding algorithms for hierarchical data

3.1 Preliminaries

Throughout this work, we are given a tree-like data structure T = (V;E), con-
taining a set of nodesV and a set of edges£, with each edgee 2 E connecting
two vertices. We strive to obtain a continuous analogue ofT by embedding each
nodev 2 V in an embedding space, such that the distance between two nodes
corresponds one-to-one to the shortest path between the nodes in the tree, as
given by the number of edges between them. Let : V 7! D" denote the em-
bedding function that takes nodes as input and outputs their embedding in an
n-dimensional hyperbolic spaceD".

Following [14,46,55], we will operate in the Poincaré ball model of hyperbolic
space for the embeddings. For am-dimensional space, let(D";g") denote the
Riemannian manifold of the Poincaré ball model, given as:

2
n— n.iyii2 < . n — . - .
D X2 R"jjxjjc< 1 g xlni %= T TR (1)
A key operator for hyperbolic embedding algorithms is the distance between two
vectors in hyperbolic space. Here, it denotes the distance between the embed-

dings of two nodes. For nodes/{;v, 2 D", the distance is given as:

do(vi;ve) =2tanh ' ji  vi o vojj ; (2)

where denotes the Mobius addition, de ned as:

_ (1 +2hvg;voi + jivaii®)ve + (L jj viji®)va.
1+2hvg;vai + jjvijj2jjvajj? '

3
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Using this manifold and distance function, we outline below how di erent algo-

rithms generate hyperbolic embeddings for hierarchical data. We focus on two
types of algorithms: general-purpose methods that optimize embeddings via gra-
dient descent and hierarchy-speci c approaches that constructively embed trees.
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3.2 Gradient-based hyperbolic embeddings

Gradient-based hyperbolic embeddings are general-purpose approaches that take
any graph structure as input and yield a hyperbolic embedding of each node,
where the embedding uses the edges between nodes as objective. In this work, we
investigate two canonical approaches: Poincaré Embeddings [46] and Hyperbolic
Entailment Cones [14].

Poincaré Embeddings. In the seminal work of Nickel and Kiela [46], the goal
is to embed V using contrastive learning with edgesE as positive pairs. Let

=f lg{!{ denote the embeddings of nodes in hyperbolic space. The estimation
of  optimized under the following objective:

zargminL( ); st.8i2 :jjiji<L 4)
Here, the loss is determined by the edges that connect two nodes. Speci cally in

the context of tree-like structures, edges denote hypernym-hyponym relations.
With D the set of hypernym-hyponym relations the contrastive loss is given as:

exp( dp(u;V))
vozn (u) €XP( dp(u;v9)

X
L( )= log P
(uv)2D

(5)

with N (u) denoting the set of nodes not directly connected tau. To optimize
the parameters are initialized as random vectors in a unit ball of dimensionality
d and subsequently optimized using gradient descent in hyperbolic space [2,4].

Hyperbolic Entailment Cones. A limitation of the contrastive loss in Poincaré
Embeddings is the absence of an explicit objective to preserve hierarchical order.
Consequently, nodes deep in the hierarchy may be placed near the origin, reduc-
ing the utility of their embeddings. To address this, Ganea et al. [14] reinterpret
hierarchical relations as partial orderings de ned by cones in hyperbolic space.
They extend the contrastive loss to a max-margin variant, aiming for each par-
ent node u to encapsulate its child nodesv. Speci cally, each child v must fall
within the entailment cone of its parent u. The loss is de ned as:

X X
L= E(u;v)+ max(0;  E(u%v9); (6)
(uv)2D (u%v9%2AnD

with A the set of all node pairs, a margin, and the energy loss given as:
E(u;v) =max(0; (u;v)  (u); (7)

where (u) denotes the aperture of the cone based on its root pointl, or equiva-
lently: the size of the entailment cone. The close is to the origin, the larger its
aperture, re ecting the intuition that points near the origin correspond to higher

levels in the tree structure. Lastly, (u;v) measures the angle between and v.
If v has a higher norm and its angle relative tou is smaller than the aperture
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of u, the embedding is considered correct, and no loss is incurred. Otherwise,
the loss scales with the angular error. Similar to Poincaré Embeddings, this ob-
jective can be directly optimized using gradient descent in hyperbolic space. In

practice, nodes are initialized with Poincaré Embeddings and re ned using the

Hyperbolic Entailment Cones objective.

Algorithm 1 Construction-based hyperbolic tree embeddings [55]

1: Input: Tree T =(V;E), scaling factor > 0 and root node v; with (v1) = 0.
2: for v2 V do

3:  Isometrically re ect (V) to the origin and apply the same to its parent.

4 Generate X1;::1; Xgeg(v) Uniformly distributed points on a unit hypersphere.

5 Rotate the points such that x: is aligned with the re ected parent embedding.
6: Scalexi;:::;Xgeq(v) according to and the tree distance to v.
7

8:

Re ect rotated and scaled points back.
end for

3.3 Construction-based hyperbolic embeddings

Gradient-based approaches are general-purpose and operate on a wide range of
graphs, including those that are not strictly acyclic or have nodes with multiple
inheritance, as in the case of Poincaré Embeddings [46]. However, this versatility
often comes at the expense of embedding quality, with the resulting hyperbolic
embeddings of the nodesV retaining only partial information from the origi-

nal graph. In contrast, construction-based methods [55,56] embed trees directly,
sacri cing exibility in the types of graphs they can handle in favor of producing
high-quality embeddings that preserve nearly all the original tree structure.

The general approach of construction-based methods is outlined in Algorithm
1. These methods embed a root node at the origin and iteratively traverse the
tree, positioning each child node on a sphere centered around its parent. This
approach o ers strong theoretical guarantees for low distortion and is highly ef-
cient, with linear complexity relative to the number of nodes, avoiding complex
optimization problems. However, these methods are limited to tree structures
and often require arbitrary-precision arithmetic to achieve low-distortion em-
beddings.

The core distinction among the construction-based hyperbolic embeddings
lies in step 4 of Algorithm 1. The distortion of the resulting embedding depends
heavily on the degree of separation between the generated points. However, gen-
erating an arbitrary number of uniformly separated points on an n-dimensional
hypersphere remains an open problem [54]. Sala et al. [55] propose two ap-
proaches for generating hyperspherical points at this step. The rst involves
placing points at the vertices of a hypercube inscribed within the hypersphere,
leveraging coding theory [42]. Speci cally, they use theHadamard code, en-
abling the placement of2°1°92 "¢ points with a xed pairwise distance. While this
method is computationally e cient and produces predictable results, it su ers
from poor separation between points, resulting in higher distortion. Additionally,
it imposes a strict requirement on the dimensionn, namely:

290921 deg,, (V): (®)
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Their second approach involvesprecomputing 1000 hyperspherical points using
the method from [39] and sampling from these as needed. This method often
results in lower distortion compared to the rst approach and o ers greater
exibility regarding the dimension n. However, it has drawbacks, including higher
variance in results, with problematic outliers for certain trees, and increased
computational cost for smaller trees.

In terms of scalability, the Hadamard method is highly e cient, asan n n
Hadamard matrix can be constructed in O(log,(n)) time. The precomputed
method incurs minimal initial computation but later only requires tensor sam-
pling. Overall, constructive methods are signi cantly faster than optimization-
based methods.

4 Experimental setup
4.1 Data

Hierarchies for controlled experiments. For our rst experiment we generate a
variety of tree structures using the NetworkX library [21] with N = 256;512 1024
nodes to evaluate how di erent hierarchical structures a ect the hyperbolic rep-
resentation learning. The selected trees encompass diverse structural properties
and are de ned as follows:

a Full r-ary trees (balanced) We generate fullr-ary trees [59] with r values
ranging from 2 to 5. In anr -ary tree, all non-leaf nodes have exactly children
and all levels are full except for some rightmost position of the bottom level
(if a leaf at the bottom level is missing, then so are all of the leaves to its
right, resulting in trees of varying branching factors and depths. Intuitively,
higher values forr result in wider trees lower values for deeper trees.

a Binomial tree (imbalanced) A binomial tree is constructed iteratively, with
each step having twice the number of nodes as the previous step, forming a
hierarchical structure. A binomial tree of order k is de ned recursively by
linking two binomial trees of order k 1, where the root of one is the leftmost
child of the root of the other. Thus, the tree grows imbalanced.

a Barabasi Albert tree (long-tailed) The Barabasi Albert graph [1] of n
nodes is generated by attaching new nodes each witim edges that are pref-
erentially attached to existing nodes with high degree, namely preferential
attachment. We generate Barabasi Albert graphs with m = 1, which is guar-
anteed to form a tree. This trees' degree distribution follows a power-law
distribution ( P(k) = k 2). The resulting tree captures the scale-free nature
observed in many real-world networks, where a few nodes have a high degree
and most other nodes have a small degree.

These trees are chosen to represent a diverse range of topologies, from balanced
and uniform (r-ary trees) to skewed (binomial and Barabasi Albert trees) [40],
while simultaneously allowing us to have control over the number of nodes to
enable direct comparisons between di erent hierarchical organizations. They are
visualized forn = 16 in Figure 1.
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Fig. 1. The dierent hierarchies and their degree histograms used in our
experiments. We investigate various balanced (r-ary trees) and imbalanced trees (bi-
nomial and Barabasi-Albert trees) to help us understand which dimensions of hierarchy
design are most important for their hyperbolic embedding.

Real-world use casesTo investigate the potential impact of our ndings in real-
world scenarios, we use the ImageNet[7] (based on WordNet[12]) and Pizza®
ontologies as case studies, demonstrating the in uence of alternative ontology
designs on the quality of hyperbolic embeddings. The original ontologies, com-
prising 1778 and 100 nodes respectively, contain multiple inheritance and are
non-tree structures. For each ontology, we construct a single inheritance version
by applying the DFS algorithm to extract a spanning tree [61]. To minimize
tree height while preserving the number of nodes, we restructure the hierarchy
by merging the children of parent nodes into siblings. This reduces the height
of ImageNet hierarchy from 13 to 8 and Pizza hierarchy from 7 to 5 in the
reorganized ontologies.

4.2 Implementation details

In our experiments, we analyze the impact of varying embedding dimensions. For
the controlled experiment with generated trees, we use embedding dimensions
of d = 10, d = 20, and d = 130. Since the Hadamard method encodes a tree
with a minimum dimension d determined by Equation 8, we set the embedding
dimensions tod = 40 for the Pizza ontology and d = 70 for the ImageNet
ontology, corresponding to their maximum degrees oR3 and 39, respectively.
Each embedding algorithm is con gured using its recommended hyperparam-
eter settings from the corresponding papers. For Poincaré embeddings, we adopt
the settings used in the WordNet nouns experiment. Speci cally, we use a con-
stant learning rate of 1, with an initial burn-in phase of 20 epochs at a reduced
learning rate of 0:1. Training continues for a total of 10; 000epochs, with a batch
size of50. For each positive example, we randomly sampl®&0 negative examples.
For the entailment cones method, following Ganea et al. [14], we rst pretrain
using Poincaré embeddings forl00 epochs using a learning rate o6:0 and a
burn-in learning rate of 0:5 for the initial 20 epochs. Subsequently, we train with

4 https://observablehg.com/@mbostock/imagenet-hierarchy
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entailment cones loss fol300epochs using a learning rate ol:0. Both pretraining
and training use a batch size equal to the number of nodes, meaning each epoch
consists of a single step. We observed that increasing the number of steps led
to over tting, which adversely a ected some metrics. For the construction-based
approaches, following Sala et al. [55], the scaling factor is set to

1 2

=gzl 2 ©)

NI

where is the machine precision of the applied oating point format and " is
the maximum path length of the tree, to avoid numerical problems while still
obtaining near optimal results.

4.3 Embedding evaluation metrics

Following the conventions in hyperbolic embedding literature [46,55,56], we focus
on three metrics to evaluate the quality of tree embeddings. The rst metric is
average relative distortion, which measures the average relative embedding error
between all pairs of nodes inV, given as follows forN = jVj nodes:

1 X jdp( (u); (V) dr(u;v)j,
(N 1 dr (u; V) '

Dag( )= N (10)

uév

This metric measures how much the hyperbolic distance on the embeddings dif-
fers from the tree distance between all node pairs. The second metric is worst-case
distortion, which speci cally measures the ratio between the largest stretching
and shrinking factor of pairwise distances:

. _ L
Dwc( ) = max Ao (U): (V) minw :

usv  dy(u;v) usv  dr(u;v) (11)

Where the average distortion measures the global distortion, the worst-case dis-
tortion captures large local distortions. The third metric is the mean average
precision (MAP), given here as:

X 1 X Ny (u)\ 1 Bp(u;v)

1
N,y degu) V2N v (U) 1 Bp(u;v)

MAP( )= (12)

with deg(u) the degree of nodeu, Ny (u) the neighboring nodes ofu, and
Bp(u;v) D" aclosed ball centered at the embedding (u) of u with hyperbolic

radius dp( (u); (v)). Intuitively, the MAP is a reconstruction measure, which

identi es how well we can nd back neighboring nodes in the area surrounding
each embedded node.

5 Experiments

For our experiments, we focus on four research questions to explore key aspects of
embedding hierarchies: (i) width versus depth, (ii) balanced versus imbalanced
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